9.9: Inhomogeneous Systems

Generalize Ch.2: o’ = a(t)z + f(t) — xp(t) = xp,(t) [[f () /zn(B)]dt, z) = a(t)zy,

Inhomogeneous system:
(A(t) :n X n)

x' = A(t)x + £(¢)
Consider also
x' = A(t)x (2)

Let x1(¢),...,xn(t) be F.S.S.
of (2) = F.M.:

X () = [x1(2), ..., Xn(t)]

(1)

Particular solution of (1):
Xp(t)zX(t)/ X&)~ @) dt (3)

or (using definite integral)
t

xp(D=X ()] X(s)" (s) ds (4)
to

[(4) = xp(to) = 0]
General solution of (1):

x(t) = X (t)c + xp(t)

EX.1: Find general solution of (1) if

5 6 el
(5 5] o[z

Eigenvalue/eigenvector analysis =

x1(t) = [ 2 ] 2l xo(t) = [ 3 ] !

2t t
s t] = W(t) = —¢

= x0 =% %,

X)) 1=

—et —Det

1 —2elt —3¢t

/X(t)—lf(t) dt = / _
2e2t 3¢t —5et —10e! — 9tet
xp(t) = [—th —Qet][ —3t ] — [ 5et + 6tet ]

General solution: x(t) = X (t)c+x,(t)
1
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EXx. 5: Find general solution of (1) for A = [ _:1)’ ? ] , f(t) = [ 6027: ]

. o | sint—cost o4 | —cost—sint
Compute F.S.S.: x1(t) =e [ oS § ] , Xo(t) =€ [ <in ¢

__ o¢|Sint—cost —cost—sint
= X(t)=e [ cost sint

= W(t) = e*(sin®t — costsint + cos?t + sintcost) = e*

[ sin t cost—l—sint] B Qt[ sin t cost—l—sint]

o — COSt sint — cost

1
~1 _ 4+ o
= X(t)7" = e —Ccost sint— cost

= /X(t)_lf(t) dt

. sint — cost
o — COost —sint

= x,(t) = e Ssint —cost —cost —sint Sint — cost o 2
pAE) = € cost sint —cost—sint | € —1

= General Solution:

COSt sint

x(t) = X(t)c+x,(t) = cie?t [ sint — cost ]—|—02th [ — COSt —sint ]+62t [ )
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Ex. 26: Use e/ to the find the solution to the IVP x' = Ax, x(0) = xq, for
[ 5 3 B!
a=|8 i =)

Answer: T =1 D=-2 = pA) =X -A-2=A-2)(A4+1)
3 3 1 6 3 1
A—QI:[**]=>V1:[_1],A—|—I:[**]=>V2:[_2]

= F.S.S.: x1(t) = &% [ —i ] xe(t) = [ _é ]

2t —t

= F.M.: X(t) = [_eezt _Zet] = X(0) = [ _1 _1]

. det(X(0)) = -1 = X(0)! = [ -2 -1 ] — [ 21 ]
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= x(t) =e



