9.8 (4.3): Higher (Second) Order Linear Equations

Form: 4™ 4+ a1y V4 +a, 1)y + an(t)y = Ft) (1)

Equivalent 1st order system:

L1 =Y, r2 — y/’ ceeyIn = y(n_l)
= 56/1 = x>
T, = x3
/ _
Lpn—1 — In
. = —an(t)z1 — - —a1(t)z,
+F()
or x =Ax+1(t) (2)
where A(t) =
-0 1 o) 0 7
0 o) 1 0
0 0 0 1
| —an(t) —an—1(t) —an—2(t) -+ —a(t).

f(+) = [0,0,...,0, F(¢t)]"

Initial VValue Problem:

—1
x(to) = %0 = [y0, b, .- -,y P17 =

yD(tg) =y§, 0<j<n—1 (3)

Thm: (Existence/Uniqueness)
Assume a1(t),...,an(t), F(t) are
continuous on an interval I and

to € I. Then (1) with IC (3) has a
unique solution on I for any values

-1
Ofyo’yé’”,’y(()n )

x(t) is solution of (2) iff

x(t) = [z1(t),22(t), ...,z (D]"
= [y®),y'®),...,.y" P ®]"
and y(t) is solution of (1).

Ex.: my”" + wy' + ky = F(t), or
y" + (u/m)y + (k/m)y = F(t)/m
Equivalent system: z1 =y, 2o = ¢’ =

)= [ i) [+

EXx.: v 4+ a1y + a2y + azy = F(t) =

0 1 0 0
A= 0 0 1 , f(t) = 0
—a3 —a2 —ai F(t)

|

|



Linear Independence, Wronskian, and General Solutions

Homogeneous ODE: y(”)+a1(t)y(”_1)+---—|—an(t)y =0 (4)

Def.. (Linear Dependence and

Independence of Functions)
n functions y1(t),...,y.(¢t) are linearly
dependent on an interval I if there

are constants ci,...,c,, not all zero,

st. cayi(®)+ ...+ () =0

for all t € I. They are linearly inde-
pendent on [ if they are not linearly
dependent.

Superposition Principle:
If y1(t),...,yi(t) are solutions of (4),
then any linear combination

c1y1(t) + coy2(t) + - - + cryr(t)

is also a solution.

Criterion for L.I.: Let W(t) =
[ y1(t) y2(1) Yn(t)

det yi:(t) y’g:(t) yz(t)
") o5V " ”(t)

be the Wronskian of y1(t),...,yn(1).
If W(to) # 0 for some tg € I, then
y1(t),...,y.(t) are linearly indepen-
dent on 1.

EX.: y1(t) = cost, y>(t) = sint =

cost(t) sint

—sint(t) cost =1

W(t) =

Main Thm.:

Let y1(t),...,yn(t) be n solutions
of (4) on an interval I on which
a1(t),...,an(t) are continuous.

(a) If W(tp) = 0 for some tg € I,
then y1(t),...,y.(t) are linearly
dependent on [I.

(b) If W(to) # 0 for some tg € I,
then W(t) # 0 for all t € I, and

y(t) = ciy1(t) + - - + cayn(l)
is a general solution of (4).

(c) If y,(t) is a particular solution of
(1) and y(t) is a general solution of

(4), then y(t) + y,(t) is a general
solution of (1).
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Homogeneous Equations with Constant Coefficients

Def.: A fundamental set of
solutions (F.S.S.) for (4) is a
set of linearly independent solutions

y1(t), .., yn(t).

Thm.:

(@) The characteristic polynomial of
A is (=1)"p(N), i.e.: the eigenvalues
of A are the roots of p.

Constant Coefficients Case:
(a; = const)

y(n) + aly(”_l) +---+ayy=20 (5)
Try solution y(t) = e =
p(A) = A"+ a A"+ +a, =0 (6)

Def.. (6) is called the characteris-
tic equation of (5).

Associated Linear System:

x = Ax (7)
[ O 1 0 e 0]
0 0 1 o 0
A= | s : el
0 0 0 e 1
| —an —Ap—1 —Qp-2 -+ —a1]

(b1) If X is a real root of p of multi-
plicity m, then (5) has the linearly
independent solutions

€>\t’ te)\t’ L ’tm—lekt

(b2) If A= a4+ i3 is a complex root
of p of multiplicity m, then (5) has
the linearly independent solutions

et cos B, te® cos Bt, ..., " te* cos Bt

et sin Bt, te® sin Bt, ..., tm e sin Bt
(c) The collection of functions ob-
tained in (b) if A runs through all

roots, with only one root of a complex
pair considered, is a F.S.S. for (5).

(d) If X is any (real or complex) root
of p, then [1,\,...,AX(»=D]T is a basis
of null(A—\I), i.e.: the geometric mul-
tiplicity of any eigenvalue of A is 1.
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Examples for 2nd order equations

Ex.: v -3y +2y=0
IC: y(0)=2,9(0)=1
p(AN) =X =-32x4+2=0-2)(A—-1)
roots: A1 =2 — y1(t) = e*

=1 — yg(t) = ¢!
General solution: y(t) = ci1e?! + coél
Match c1,co to IC:

y(0)
y'(0)

Ex.: yv"+2y +2y=20
IC: y(0)=2,4(0)=3

p(A) =X24+220+2=\+1)>+1
roots: A=1+14, A

= y1(t) = e 'cost, y2(t) = e ‘sint
General solution:
y(t) = e *(c1 cost + cosint)
Match c1,co to IC:
y(0)
y'(0)
= y(t) = e *(2cost + 5sint)
Ex.: y"+2y+y=0
IC: y(0)=2, y(0)=-1

p(A) = X2 +22+1= A+ 1)
double root A = —1= F.S.S.: e/ te™!

2
3 = ¢ =5

Ci1
—c1 + ¢2

General solution: y(t) = e *(c1 + cot)
Match c¢1,co to IC:

y(0)
y'(0)

2
-1 = c=1

C1
—c1 +c2

= y(t) =e"(2+1)



Examples for higher order equations

Ex.: v+ 6y"4+ 11y +6y =0

p(AN) = XN +6X°+110+6
A+1)A+2)(A+3)
= roots: —1, -2, -3

= F.S.S.: et e, 3

= General solution:

y(t) = cre” " 4 coe™* + cze™ !
y/// . y/ — 0

p(A) = XM -A=)2(%?-1)
AA=1)(A+1)

= roots: 0,1, —1

= F.S.S.: 1, ¢, et

EX.: y//// _ 2y”’ + 2y/ —y=0

p(A) = M —-2X342)0-1
= (A-1°(+1)
= roots: 1 (m=3), -1 (m=1)
= F.S.S.: €, tet, t%et, et
= General solution:
y(t) = e (c1 4 cot + c3t?) + cpe?
Ex.: v""+4y"+14y"+4+20y'+25y =0

p(A) = X 4+4X34+14X2 4201 +25
= (A>+2x+45)?

EXx.:

= N4+22+5=0+1)°+4=0
= roots: —1+2i (m = 2)
= F.S.S.: e tcos2t, te ! cos 2t
e~'sin 2t, te~tsin 2t

Ex.: v"+v4"+v +y=0 with IC
y(0) =1,y(0) =0, y"(0) =1
(a) Find general solution:

p(N\) NN FA+1
A+ 1)\ +1)
= roots: —1, 1, —1
= F.S.S.: et cost, sint

= y(t) =cie P+ crcost+ c3sint
(b) Match c1,cp,c3. Derivatives:

y/(t) —Cle_t — c2Sint + c3CoOSt
y"' (1) cre t — cocost — casint

Equations for c1, co, c3:

y(0) = c14+c=1 ci = 1
y'(0) = —c1+c3 =03 =< =0
y'(0) = c1—co=1 c3 =1

= y(t) =e '+ sint



Worked Out Examples from EXxercises 9.8

Ex. 13: Consider vy +ay”" 4+ by +cy =0
(a) If eM is a solution provide details showing that A3 4+ aX? +bX+c=0

Answer: (ekt)/ — )\ekt’ (ekt)// — ()\ekt)/ — )\2€>\t, (eAt)/// — ()\26>‘t)’ — \3eAt

— (eAt)///_I_a(e)\t)//_l_b(e)\t)/_l_ce)\t )\3€>\t +a,)\2€>\t + b)\e)\t_|_ce)\t
N+ a2 +br+0)eM=0

Since eM £ 0 = X34+ aX°+bA+c=0

(b) Write DE as 1st order system and compute characteristic polynomial
Answer: Set 1 =y, xo =y, x3=y" = 2| =y = x>, 2, = y" = x3 and

s =vy" = —ay” — by’ — cy = —ax3z — brs — cx1 = system:
r, = w2 O 1 0
T, = z3 = x' = Ax with A= 0O 0 1
rh = —cxr1 —brs —ax3 —c —b —a

characteristic polynomial:

- 1 0
det(A—X) = | 0 —-x 1
—c —=b —a-— A\
(] A y142| O 1
= (NEDH] _/\|+< nz| 0 _a_A‘

= ANOOAF+a)Fb]—c=-NFaX+br\+0)



Ex. 15: Find the general solution of ¢/ — 3¢y” — 4y 4+ 12y =0
p(AN) =23 -3X—-4x+12=N-4HX-3D=X0-2)(A+2)(A=3)
= F.S.S.: e, e 2 3 = y(t) = c1e? + coe 2 + c3e

Ex. 17: Find the general solution of y*) — 13y” 4+ 36y = 0
p(AN) =X =132 4+36A0=(N -9 —-4)=AA-3XA+3XA=-20(A+2)
= F.S.S.: 3,73 2t 72 = y(t) = 13 + cre 3 + c3e? + che™?

Ex. 23: Find the general solution of ¥y 4+ ¢y”" — 8y — 12y = 0
p(A) =X34+X°-8\—12=(\+2)’(A—3)
= F.S.S.: e % te %, e = y(t) = e % (c1 + cot) + cze

Ex. 29: Find the general solution of ¢/ — 4" 4+ 2y =0
p(A) =2X3-X4+2=A+1)N-22+2) = A+1)[(A=1)%24+1] = roots —1,1+4
= F.S.S.: et ecost,e’sint = y(t) =cie '+ e'(cocost+ cz3sint)

Ex. 33: Find the general solution of y(® 4 3y + 3¢y +y =10
p(A) =X +3X*+3X24+1=(N>+1)3 = roots £i (m = 3)

= F.S.S.: cost,tcost,t>cost,sint, tsint, tsint
= y(t) = (c1 + cot + c3t?) cost + (ca + cst + cot?) sint 7



Ex. 35: Find solution to IVP ¢/ + 2y 4+ 5y = 0, y(0) = 2, +/(0) = 0
p(AND) =X +22+5=(A+1)2+4 = roots -1+ 23
= F.S.S.: e fcos2t,e'sin2t = y(t) = e *(c1cos2t + cosin2t)

y'(t) = e [(2co — c1) cos 2t — (co + 2¢1) sin2t] = { y/(ojy(=0)—zcj_§c§: 5 }

= c1=2,c0=1 = y(t) = e ¥(2cos2t + sin 2t)

Ex. 37: Find solution to IVP / — 24/ 4y =0, y(0) = 1, /(0) = 0
p(AD) =X —-22+1=(A—-1)%2 = F.S.S. €, tet
= y(t) = e'(c1 + cot) = y'(t) = e'(c1 + o + eot)

' { yf(ggoiz(ic:gl:o } = ca=1,c=-1 = y(t)=€(1-1)

Ex. 39: Find solution to IVP
y" —7Ty"+ 11y’ =5y =0, y(0) = -1, y'(0) =1, y"(0) =0
p(AN) =23 -7+ 112-5=(\A—-1)’(A—=5) = F.S.S. €, te!, e
= y(t) = el(c1 + cot) + cze® = y/'(t) = e'(c1 + co + eot) + 5cze!
= o"(t) = €e'(c1 + 2¢o + cot) + 25¢3e™

y(0) =c1+c3= -1 cg = —13/16
IC: y(0) =c1+co+5c3=1 = co = 11/4
y"(0) =c1+2c2+25¢3 =0 c3 = —3/16

= y(t) = (1/16)e' (44t — 13) — (3/16)e>



Ex. 43: Find solution to IVP
y™® +8y" + 16y =0, y(0) =0, y(0) = -1, y"(0) =2, y”(0) =0
p(\) =X+ 16124+ 8 = (A\? +4)? = roots £2i (m = 2)
= F.S5.S5.: cos2t, tcos2t, sin2t, tsin 2t

= y(t) = (c1 + cot) cos 2t 4 (c3 + cat) sin 2t

Computation of derivatives is cumbersome, so use Matlab’'s symbolic toolbox
to find derivatives at ¢t = 0 (only these are needed):

>> syms t cl c2 c3 c4;y=(cl+c2*t)*cos(2*xt)+(c3+cd*t)*sin(2*t) ;
>> yO=subs(y,t,0) ;yp=diff (y,t) ;ypO=subs(yp,t,0);ypp=diff(yp,t);yppO=subs(ypp,t,0);
>> yppp=diff (ypp,t);ypppO=subs (yppp,t,0); Ly0;ypO;yppO;ypppO]

ans =
[ cl1]
[ c2+2xc3]

[ -4xcl+4xcd]
[ -12*%c2-8%c3]

Thus the equations for matching ci, ¢, c3,cq4 are

y(0) =c1 =0 c1 = 0

y'(0) = co + 2¢c3 = —1 co = 1/2
y"'(0) = —4c1+4ca=2 ( ~ ) ez = —3/4
y”’(O) = —12co — 8C3 =0 Cq4 = 1/2

= y(t) = (t/2)cos2t+ (t/2 —3/4)sin2t 9



