9.6: Matrix Exponential, Repeated Eigenvalues

x' = Ax, A:nxn (1)

Def.: If x1(t),...,xn(t) is a
fundamental set of solutions
(F.S.S.) of (1), then

X)) =[x1(8),...,xn®)] (nxn)
is called a fundamental matrix
(F.M.) for (1).

General solution:

(C == [Cl, c e ey Cn]T)
x(t) = c1x1(t) + ... 4+ enxn(t)
= X({)c

Thm.: If X(¢) is a F.M.

for (1) and C is a constant
nonsingular matrix, then X (¢)C
IS also a F.M.

Proof: Each column of X (¢)C is a
linear combination of the columns of
X (t) and so is a solution of (1), and
X (0)C is nonsingular.

R .
Ex..A_[_3 1]

Eigenvalues and eigenvectors:

M=-1 < v;=1[2,3]"
A2 —2 — vy =1, 1]T
F.S.S.:

x1(t) = e [ g ] xo(t) = e 2! [ 1 ]

26—t 6—2t
et g2

FM.: X)) = [
If we set

YI(t) — 2X2(t)a YQ(t) — 3X2(t)a
y1(t),y2(t) are also F.S.S. with F.M.

[ 3e72t 4e !
e 2t Bet

[ 2et e 0 2
o ] 3et e72 30

Y(t) =




Matrix Exponential

Consider IVP:
x' = Ax, x(0) = xq (2)
Solution of IVP: If X(¢) is a| F.M.: X(t) = [ 224 e_zz]

F.M., the general solution is 5 1 ¥ 11
x(t) = X (t)c X<O>=[3 1]’<X<0>> :[ 3 _2]
Match ¢ to IC: At = )_((t)(X(O))—l
x(0) = X(0)c =xo = (20 [
= ¢ - (X(O))_1Xo :3Z_Qt—626_t 2et —_26_2t
= x(t) = X(O(X(0) xo = |3 T

Def.: Given a F.M. X(t), then
IVP: x’:lig ?]x x(O):[f]

Solution:
is the matrix exponential of At. [ 32t _ gt D=t _ g2t ] [ 5 ]
1

x(t) = —2t —t —t —2t
) . 3 -3 3 — 2
Thm.: The solution of (2) is © © ©
. de=2t — et
o de—2t — 3¢t

At Y x(1)(x(0))7?

x(t) = eAtXO




Properties of the Matrix Exponential

Exponential series (A° = I):

@)
et = > (A /m!
m=0
Convergence for any matrix A

di
If D [d;;] is a diagonal
matrix (d;; = 0 for i # j),
then eP? is a diagonal ma-
trix with entries edit, Ex.:

oo 5 0]0=|% &

Special case (d; = r):

deAt — AeAt — eAtA

e(rl)t — Tty

o If AB = BA, then
[(A+B)t _ At Bt _ Bt At

Note: If AB #= BA, then in
general

e(A—l—B)t £ At o Bt £ Bt At
o ¢t is nonsingular, and
(eAt)—l _ At
e If V is nonsingular, then

e(VAV_l)t — VeAtv—].

e If v is an eigenvector for an
eigenvalue )\, then




Matrices with only one eigenvalue

Thm.: If A has only one eigen-
value A\, then there is an integer
k, O < k <n, such that

(A-XDF=0

Use this to compute et as fol-
lows. Write A =X+ (A— \I).
Then

At

LAt J(ADtH(A-AD

e(Al)te(A—AI)t

eAte(A—)\I)t

\ k—1 o

et Y (A=A (/5
7=0

= only k terms of exponential
series required

1

Ex.: A= [_1

p(A\)

= only one ei

A+1 =

(A+1)? =

— e(A-I—I)t

At

4

_3]: T=-2 D=1

N —TM\N+D
AN 4+22+1
(A4 1)2

genvalue A = —1

2 4 ]
__1 _2_
[ 2 4] 2 4
-1 -2 || -1 -2
0 O
|0 0
= I+ (A+ Dt
B 142t 4t
- 1 — 2t

—t
o—to(A+DE
ot 14 2¢ 4t

1 -2t
4

] (k= 2)

—1



Generalized Eigenvectors and Associated Solutions

If A has repeated eigenvalues, n linearly independent eigenvectors may not
exist — need generalized eigenvectors

Def.: Let )\ be eigenvalue of A.
(a) The algebraic multiplicity,
m, Of A is the multiplicity of

A as root of the characteristic
polynomial (CN Sec. 9.5).

(b) The geometric multiplicity,
mg, Of A is dimnull(A — XI).

Def.: Any nonzero vector v in
null((A — X\I)¥) is a generalized
eigenvector for \.

Solution associated with v:

Need: m linearly independent solu-
tions of x’ = Ax associated with .

o If my = m = m linearly indepen-
dent eigenvector solutions.

e What if my < m?

(A= XDFv=0 =

k—1
ety = M N (/) (A = ADv

Thm.: If A is an eigenvalue
with algebraic multiplicity m,
then there is an integer k,

0 < k <m, such that

dimnull((A — AD*) =
dimnull((A = D1 <

3 3

j=0

Thm.: Let vq,...,vi, De a ba-

sis of null(A — A\I)*. Then the
k—1

x;(t) = M N (# /5N (A=) v,
j=0

1 <1< m, are m linearly inde-
pendent solutions of X' = Ax.

5




2d Systems: (Sec. 9.2)

A—|C b T a—+d
|l e d D ad — bc

Assume T2 —4D =0 =
p(A) = (A= A1)?, A =T/2
() If A= XM\TI = myg =2
= x(t) = e*'x(0)
(any vector is eigenvector)
(b) If A% MI = mg=1:
e Compute eigenvector v

e Pick vector w that is not
a multiple of v
= (A— X\ D)w =av
for some a#0 (any w € R?
is generalized eigenvector)
e = F.S.S.:
x1(1)
xo(t) =

e>‘1tv

e M(w + avt)

R Y S _
Ex..A_[_l _3].T_ 2, D=1
= T2 —-4D =0 = eigenvalue A\ = —1

2 4
A—|—I_[_1 _2]
= eigenvector v = [-2,1]7

Choose w = [1,0]” (simple form) =

o= (3 4B - (4

= F.S.S.:

x1(t)
x2(t)

e v = e t[-2,1]T

e '(w — vt)

e '([1,0]" —t[-2,1]")
e t[1 4+ 2t,—t]7

Other Method: Compute (c.f. p.4)

142t 4t
—t 1 -2t

Columns of e are also F.S.S.

et = e W (I+(A+Dt) = et [



-1 2 1
Ex.: A= 0O -1 0
-1 -3 -3
~1-—2A 2 1]
p(A) = 0 —1-X 0
-1 -3 -3 -
. —1 - 1
= (1= ;7 31,
= (-1-M)[A+NE@+A)+1]
= —(A+1)N2+40+49)
= —-(A\+1)(\+2)?
= eigenvalues \1 = -1, m1 =1
Ao = —2, mo =
Compute A — I =A+1I:
0 2 1 1 0 1/2
A4+I=1| O 0 Ol - |0 1 1/2
-1 -3 -2 0O O 0
Set r3 = —2

= eigenvector vi = [1,1, —-2]7
Since m; =1
= one (eigenvector) solution:

x1(t) = e '[1,1,-2]"

mo = 2 — Check A — X2, (A—)\QI)QZ

1 2 1 1 0 1
A42I=| 0 1 0| —|0 1 0
-1 -3 -1 0 0O

0O 1 0 010
(A+2D?=|0 1 0| —=1]0 0 O
0 —2 0 0 00

A+ 21 — eigenvector vo = [1,0, —1]7
= eigenvector solution:

x2(t) = e #[1,0,-1]"

For x3(t) use generalized eigenvector
vz that is not an eigenvector.

Basis of null((A+421)2): {E; z

[r— —

1,0,0]"
0,0, 1]7
Note: vo = u; — uo

— (A—I—Ql)ul — (A-I—QI)UQ
v3 Can be any vector ciui + cous S.t.

(A—I—QI)(Clul—I—CQU_Q) = (Cl-I-CQ)VQ 75 0
Choose vz = us = [0, 0, 1]7 (text: u1)

e 2 (Ivz +t(A+ 21)v3)
6_2t(V3 + tvp)
e %[t,0,1 —¢]"

= x3(t) =

7



6 6 -3 2]
. | -4 -4 2 o0
Ex.: A= 8 7 -4 4
| 1 0 -1 -2 ]

Matlab — p(A\) = (A 4+ 1)%2 4+ 1)?
= single complex pair of eigenvalues
AM=—-144 =X\ (m=2).

1. Check B= A— X\l = A—(=14+iI:

" 7—i 6 ~3 2
| -4 —3-i 2 0
B=1 g 7 —3—-i 4
1 0 S I

Matlab — basis for null(B):
vi=[2,0,4,—-14+]"
= Complex eigenvector solution:

z1(t) = 12 0,4, -1 +4]T

2. Check B? = (A — \11)?:

(2 —14¢: 3 —-12: —2+4 67 —4q
B2— 3817 | -2+ 673 —4 | 0 |
8—162 6 —147 —6 -+ 61 —81
| —2-—2; -1 142 —24 24|
Matlab — basis for null(B?):
w = [2,0,4, -1+ =v;
w = [-3-1i,4,0,—242i]"

= up IS generalized eigenvector that
IS not an eigenvector.

Pick v3 = us = [-3—14,4,0, -2 + 24]7
Need: Bviz = [—2, 0,—4,1-— i]T = —V2

Complex solution associated with vsi:

z2(t)

eI ([vs + tBvs)

eI (v — tvo)

eI _3 —§ — 2t 4, —4¢,
—24+2i 4+ (1 -t

3. Take real and imaginary parts of z;(¢) and z»(t) to obtain F.S.S:
x1(t) = Rezi(t) = e [2cost, 0,4 cost, —cost — sint]?

x2(t) =Imz1(t) = e ![2sint, 0,4 sint,cost — sint]’

x3(t) = Reza(t) = e Y[sint — (3 4 2t) cost, 4 cost, —4t cost, (t — 2)(cost + sint)]?
x4(t) =Imza(t) = e ![—cost — (3 4+ 2t)sint, —4sint, —4tsint, (t — 2)(sint — cost)]?
8



- 7 5 —3 27
o 0 1 O O
Ex:A=115 10 .5 a
| -4 —4 2 -1 |
Matlab — p(A) =AM+ 1)(A—1)3
= eigenvalues \1 = -1, m1 =1

=1 my=23
Find eigenvector for \i:

- 8 5 —3 2]
| o 2 00
A+I=1| 15 10 -4 4
| 4 -4 2 0|

Matlab — eigenvector (basis vector
for null(A+1)): vi =1[1,0,2,-1]"
Associated eigenvector solution:

Xl(t) — e_t[]-) Oa 27 _l]T
For \» =1 — check powers of A — I:

"~ 6 5 -3 27
0O 0 0 O
12 10 -6 4

| 4 —4 2 -2

B=A-1=

Matlab — basis of null(B):

vo = [1,0,2,0]%
vz = [1,-2,0,2]
Associated eigenvector solutions:
x2(t) = €'[1,0,2,0]"
x3(t) = €'[1,-2,0,2]"
To find 4th solution check BZ:
- —8 —8 4 —4 7
0 0 0 0
B>=1 15 _16 8 -8
8 8 —4 4

= RREF(B?) has only one nonzero

row [1,1,—-1/2,1/2].

Construct basis of null(B?) by setting

zo,23 = 0,24 =2 — u; = [—1,0,0,2]"

T2, 24 = 0,23 =2 — u» = [1,0,2,0]"

I3,T4 — O,:CQ =1 — uz = [1, —l,O,O]T

Check which are not eigenvectors:
Bu1 = —2V2, BU_Q = 0, BU.3 =V

= Can choose v4 = u; (simple).

Associated solution:

x4(t) e'(Ivs + tBva) = e'(u1 — 2tvo)

el[—1 — 2t,0,—4t,2]" .



Advanced Theory: Chains of Generalized Eigenvectors

Thm.: Let A\ be an eigenvalue
of a n X n-matrix A with
e algebraic multiplicity m
e geometric multiplicity my
Let B= A — )\l and k be s.t.
dimnull(B¥) = m
dimnul(BF 1Y < m
There are mg chains of vectors
viO v 1 <i<m,
S.t. rl—l—rg—l—---—l—rmg = m,
ijﬁﬁ1 = v, 1<ji<n
(1) _
BV1 =

and all the vectors V§i) are a
basis of null(BF).

Computation of chains:
Assume ¢ — 1 chains have been
computed. Let ¢ be the largest
integer for which there is a vector v
in null(B?) s.t. B lv #0, and v and
all previously computed chain-vectors
are linearly independent. Set r; = q.
Then the 7th chain is computed as

e
(1) _— (2)

v,. = DBv;,
Note: Bvi =0 = v} is eigenvector.

\%

for ri >3 2>1

Solutions of x/ = Ax:

71—1
xD(t) = MV + D (@ iviIlifj > 1
ng)(t) = e’\tvgz)

Single chain:
If Kk =m = only one chain
Vi,.--,Vm, V; = BVJ'_|_1 (j <m)

10




[ 3 -3 -6 57
] | =3 2 5 —4
Ex.: A= 5 6 -4 7
| -3 0 5 -2
Matlab — p(A) = (A +1)3(\—2)
= eigenvalues \1 = -1, m1 =3
)\4 - 2, mg — 1

Eigenvector for \s: v4 =[-1,1,1,2]"
— x4(t) = e?'[-1,1,1,2]"

AN =—1: Set B=A+ 1. Matlab —
dimnull(B?) =2 = k=3 = 1 chain
Matlab’s null — basis for null(B3):

w, = [1,0,0,0]"
uw, = [0,0,1,0]"
us = [0,1,0,1]"
Find B?u; # 0 = chain can be

generated by u; (simple form). Set
u; = [1,0,0,0]"

V3 =
vo = Bvsz=[4,-3,2,-3]
vi = Bvy,=[-2,1,-21]F

Solutions associated with 3-chain:
x1(t) = evi=et[-2,1,-2 1]

xo(t) = e_t(Vg + tvy)
= e '[44+¢t —3,2,-3]T
x3(t) = e_t(V3 + tvo + t2V1/2)

e '[1 + 4t — 2, =3t + t?/2,
2t — t%, -3t + t°/2]*
EX.: In example on p.8: my = 2,
k=2, m=3 = 2 chains:

e u;, —2vo is 2-chain

° v3 IS 1-chain
Note: Approach via chains is
“useful” if m >> mg, especially
if mg=1and k=m >> 1.

Summary.
1. For any matrix A, a F.S.S
x1(t),...,xn(t) for x’ = Ax can

be computed using eigenvalues
and (generalized) eigenvectors.

2. X(t) =[x1(1),...,xn(t)] is a

F.M: x(t) = X(¢t)c is gen. sol.

3. M.E.: eAt = X (¢)(X(0))1
x(t) = eA'x(0) 11



Matlab

Tools

Eigenvalues & Eigenvectors
e cig(A): vector of eigenvalues of A
e [V,D]=eig(A) — outputs
V: matrix of eigenvectors (columns)
D: diagonal matrix of eigenvalues

Symbolic Computation:
>> A=[1 1;-1 1];[V,D]=eig(sym(A))

V = D=
[ 1, 1] [ 1+i, 0]
[ i, -i] [ 0, 1-i]

>> A=sym([-2 1 -1;1 -3 0;3 -5 0]);
>> [V,D]=eig(A)

V= D =
[ 1, -2] [ -2, 0, 0]
[ 1, -1] [ 0, -2, 0]
[ 1, 1] [ 0, 0, -1]

Numerical Computation:
>> A=[-2 1 -1;1 -3 0;3 -5 0];
>> [V,D]=eig(A)

vV =
0.5774 0.5774 -0.8165
0.5774 0.5774  -0.4082
0.5774 0.5774 0.4082

D =

-2.0000 0 0
0 -2.0000 0
0 0O -1.0000

Note: no generalized eigenvectors

Matrix Exponential
e expm(A): matrix exponential of A

Symbolic Computation:

>> A=[1 1;-1 1];syms t;expm(sym(A)x*t)

ans =

[ exp(t)*cos(t), exp(t)*sin(t)]

[ —exp(t)*sin(t), exp(t)*cos(t)]

Note: ¢t must be declared symbolically

>> A=sym([-2 1 -1;1 -3 0;3 -5 0]);syms t;
>> expm(A*t);ans(:,1)

ans =

[ 3xexp(-2%t)-2*%exp(-t)+2*xt*exp(-2*t)]
[ 2xtxexp (-2*t) —exp(-t)+exp(-2*t)]
[ 2xt*exp(-2xt)+exp(-t)-exp(-2*t)]

In this example only first column of ed is
displayed

Numerical Computation:
>> A=[-2 1 -1;1 -3 0;3 -5 0];t=2;expm(A*xt)
ans =

-0.1425 0.3582 -0.1974
-0.0438 0.1425 -0.0804
0.1903 -0.3439 0.1720

Use loop to compute solution array:

>> t=linspace(0,1,20);x0=[1;0;0];x=[ 1;
>> for n=1:20;x=[x expm(A*t(n))*x0];end
First entry of solution can be plotted via

>> plot(t,x(1,:))
12



Worked Out Examples from EXxercises

Ex. 9.2.31: Find general solution of y/ = Ay for A = [ E{’ _1 ]
T=4, D=4 = T?=4D = single eigenvalue A =2

1 -1 ] = eigenvector v = 1 ]
p.ckw_[ ] a1 2][2][2]
= F.S.S.: yi(t) = e?v=¢%[1,1]T
y2(t) (w4 tv) = e ([1,0]" +¢[1,1]") = e*[1 +t,2]"

General solution:
y(t) = c1y1(t) + cay2(t) = Y (t)c with F.M. Y (t) = e [ 1 1 ;"t ]

Ex. 9.2.37: Find solution of system of Ex. 31 with IC y(0) = [2,—1]7

. _ 111 c1 | _ 2
1st method: Match c to IC: Y(0)c = [ 1 0 ] [ e ] = [ _1 ]

] 11777 2] _[o 1 21 [ -1
- lal=lae] [2]=12 A 2=
o= [ ] 3
2nd method: y(t) = etty(0) = e2(I + (A — 21)t)y(0)

SIS R e

t 1 -1t —1 3t—1 13



Ex. 9.6.1: Compute e4 for A = [ _i _g

s [ -2 —4][ -2 -4 0 0 o
o=[2 2] 4] =[8 8] > am=oitm>s

] using the exponential series

A | -1 -4
=>e—I—|—A—[ 1 3]

0O -1

EXx. 9.6.6: Let A = [ 1 0

]. Show that edt = [ cost —sint ]

sint COSt

. cost = 1—t2/214t4+/41 —tb/6! + ... _
“S'ng{ sint = t—13/31+15/50 —t7/T\ 4. | Compute:
AQ:H _é] [? _é]:—l, MB=A(-D) = —A, A*= A= () =1
= A% =] AWt = A A2 = _J A3 =_A for m=0,1,2,... =

t4m+l t4m+2 t4m-|—3

At n

= AD™ /n) = I T -
’ Z( y/nt = mz—:o( (4 W G am 2 tam 3y

= 1(1 —t2/21 4741 —t%/61 - )+ At —t3/31 F 2 /5 —tT TV - )

cost —sint ]

= Icost—I—Asmt:[ sin ¢ cos ¢

14



Ex. 9.6.11: Compute e by diagonalizing A for A = [ _g _613 ]

A upper triangular = eigenvalues are diagonal entries: \1 = —2, Ao = —1

A—(—2)I:[8 613] = vy =[1,0]T. A—(-1I= [ _é 8] = vo = [6,1]7

Set V = [vy,v1] = Cl) 613 ] = V1= [ Cl) _615 ] Verify V-1AV is diagonal:

e P e R R e | F e R i

0] e 0] 1
. e 2t Get 1 -6 | e 2l Get— Be 2
o 0 et 0 1| 0 et

Ex. 9.6.14: Compute et for A = [ —2 1 ]

—2t .
:>A:VDV_1:>eAt:VeDtV_lzlé?][e Qt”l 6]

-1 O
_ ol —2-=-X 1 . 1o . 5
CP:pN)=| 277 | =(2=-0EN+1=22+22+1=(+1)
= eigenvalue A\=—1. Set B=A+1 = [ :1 1 . Compute:

BQ=[j 1”:1 ”:[8 8] ée““=et<I+Bt>=et[1_}t 1175]

15



-1 0 o)

Ex. 9.6.18: Computeedt for A=| -1 1 -1
—2 4 -3
| —1-X O 0 1% 1
C.P.: p()) = —1 1—X -1 =—-(\+1) 4 _3_»
—2 4 -3
= -+ D[A-DOA+3)+4]=-A+1DO+2141)
= —(A+1)°
= single eigenvalue A = —-1. Set B= A+ 1
0O 0 O 0O 0 O 0O 0 O 0 0 O
B=| -1 2 —-1| = B?>=| -1 2 -1 —-1 2 -1 |=]000
—2 4 -2 —2 4 -2 —2 4 -2 0 0O
1 0 0

B2=0(k=2) = ef=e¢!'(I+Bt)=e¢t| —t 14+2t —t
2t 4t 1-2t

Note: That B? = 0 follows also directly from dimnull(B) = 2

16



Ex. 9.6.22: Compute e4t for A

o)
1—A

1—-A

0
—1

1—A

2

(1—-x)*

= single eigenvalue A=1. Set B=A -1

0O O O O]

o O

o O

o O

o O

O O O O

—1 2 0]

[ O

o O

o O

o O

—t 2t 0 °

oo

o~ 3

— O

o oo

-1 2 0
[ 1

0

—1 2 0]

[ O

o O

o O

o O

-1 2 0

0

= B? =

e'(I + Bt) = ¢

= eAt

17



—2 1 -1

Ex. 9.6.26: Do the 6 tasks below for A = 1 -3 0] by hand
1. Find eigenvalues: 3 = 0
—2 =) 1 —1
p(A) = 1 -3—-X O
3 -5 —\

_ g1, ] 1 -1 242 —2—-x -1
= o) T e n | N 0
—(“2=5) = A+ +2D)A+3]=24+5-(A+3)(N+21+3)
A+5—-(A 44X 4+92+9)=—-(A+5\+8)1+4)
—(A+1)(A+2)2 = eigenvalues A =—1 and \ = -2

2. Find algebraic (m) and geometric (mg,) multiplicities for each eigenvalue:
A=-1—-m=1, N =-2 —>m=2 (from p(A))

Find geometric multiplicities:

—1 1 -1 —1 1 -1 1 0 2

A=—-1: A4 1= 1 -2 Of — o -1 -1 —- (0 1 1

= my=1 3 =5 1 o -2 -2 O 0 O
o) 1 -1 1 -1 0 1 0 -1
A=-2: A4+2I=B= |1 -1 Of — |0 1 -1{—-10 1 -1
= my=1 3 -5 2 0 -2 2 O O 0

18



EXx. 9.6.26 continued 1

3. For each eigenvalue find smallest k s.t. dim null((A — XI)*) =m
For A\=—1: k=1 (since m =my=1)

o 1 —-1/]/0 1 -1 2 4 -2 1 -2 1
B°=1]1 -1 o0o|f1 -1 ol=]|-1 2 —-1| =10 0 O
3 -5 2|3 -5 2 1 -2 1 O 0 0

= dimnull(B?) =2 =m. Sincedimnull(B) =1 = k=2

4. For each eigenvalue, find m linearly independent generalized eigenvectors.
For A= —1: From RREF(A+ 1) = eigenvector v; = [-2,—1,1]7

For A = —2: From RREF(B) = eigenvector vo = [1,1,1]7; (B = A+ 2I)

m = 2 — need solution of B2v = 0 that is not a multiple of v,

Use RREF(B?): sety» =0,y3=1 =y = -1 = v3 = [-1,0,1]7 is in null(B?)
Since vp, vz are linearly independent, they are linearly independent generalized
eigenvectors for A\ = —2.

5. Verify linear independence of all generalized eigenvectors from 4.

-2 1 -1
Set V=[vy,vo,v3]=| —1 1 O|. Compute determinant of V:
1 1 1

2 -1

det(V) = (—1)2+1(—1)| 1 _1 +(—1)2+21| _1 ) |:2—1: 1#0

= Vi1,Vp,Vv3 are linearly independent. 19



Ex. 9.6.26 continued 2
6. Find fundamental set of solutions for y/ = Ay

A= —1, vi — eigenvector solution: yi(t) = e t[-2,—-1,1]T
A= —2, vo — eigenvector solution: y»(t) = e 21,1, 1]*
A = —2, vz — generalized eigenvector solution y3(t) = e ?!(v3 + tBvs)
Compute

0] 1 -1 —1 —1

BV3 = 1 —1 O O = —1 = —V>o
3 -5 2 1 —1
= y3(t) = e *(vz—tva)

e ?'([-1,0,1]" —¢[1,1,1]")
e 2[—1—¢t,—t,1—1¢]"

and y1(t),y2(t),y3(t) are F.S.S. for y/ = Ay.

20



2 0 0 o) 0 1
-14 -2 -7 11 -9 -8
-9 -3 -3 7 -6 -4
-19 -5 -9 17 -12 -9
—-29 -7 -13 23 —-16 —-15

1. Find eigenvalues: | 19 S 9 -15 12 11

>> A=[2 0000 1;-14 -2 -7 11 -9 -8;-9 -3 -3 7 -6 —-4;. —
-19 -6 -9 17 -12 -9;-29 -7 -13 23 -16 -15;19 5 9 -15 12 11] AN=1.2
>> A=sym(A) ;factor(poly(A)) 7

Ex. 9.6.33: 6 tasks as in Ex. 26 for A=

ans = bot_h with
(x-1)"3*(x-2)"3 m =3
2. Find algebraic (m) and geometric (mg,) multiplicities:
From p(A): m=3 for A=1 and A = 2. Find my:
>> B2=A-2*eye(6) ;null (B2)’ =
>> Bl=A-eye(6) ;null(B1)’ ans = mg =1
ans = [ 1, 7, -6, 0, 0, O] for A =1
[ -1, O, -2, -1, 1, 1] [ o, 3, -3, 0, 1, 0] mg =3 =m
[ 0, -6, 5, 1, 0, O] for A =2

3. For each eigenvalue find smallest k£ s.t. dim null((A — ADF) =m
For A =2 we are done: from 2. = k=1. Check A = 1:

>> null(B1°3)°

>> null(B1°2)°’

ans = ans =
[-1, 2, 1, 0, 0, 01| =k=3
[ 1, -2, O, -1, -3, 1]
[ o 1 1 1 1 -1 |[-t,3/2, 0, 0, 1, 0
A A [ -2, 6/2, 0, -1, 0, 1] 21




Ex. 9.6.33 continued 1
4. For each eigenvalue, find m linearly independent generalized eigenvectors.

(a) For A =2 we are done: my =m = 3
= every generalized eigenvector is in null(A—2I) and so is an eigenvector.

Assign variables to the eigenvectors in Matlab and denote them by vi,vo, vs:

>> null(B2);vi=ans(:,1);v2=ans(:,2);v3=ans(:,3);
>> [vl v2 v3]’ \&1 [0,3,-3,0,1,0]"
ans = Vo [1,7,-6,0,0,0]"

[ o, 3, -3, 0, 1, 0]
[ 1, 7, -6, O, O, O] [07_675a17OaO]T

[ o0, -6, 5, 1, 0, 0]
(b) For A = 1 we need a basis of null((A — I)3). In view of task 6 it makes

sense to determine a chain of 3 generalized eigenvectors. Let's check the
chains for each of the basis vectors:

>> null(B1°3);ul=ans(:,1);u2=ans(:,2);u3=ans(:,3);
>> [ul Bixul B1°2*xul]’, [u2 Bil*u2 B1°2*u2]’, [u3 B1*u3 B1"2*u3]’

V3

ans = ans = ans =

[-1,2, 1, 0,0,0]|[ -1,3/2, o, O, 1, o01|[ -2,5/2, o, -1, o0, 1]
[-1,1,-1, 0,2,0]| [ -1,1/2,-3/2,-1/2,3/2,1/2]1|[ -1,3/2,-1/2, 1/2,5/2,-1/2]
[-1,0,-2,-1,1,1]| [-1/2, O, ~-1,-1/2,1/2,1/2]|[-3/2, O, -3,-3/2,3/2, 3/2]

All three basis vectors generate full chains (this needs not to be the case in
general). Let's choose the simplest chain which is the first.

Assign names to chain vectors in Matlab; denote them vg, vs, va: 59



Ex. 9.6.33 continued 2

>> v6=ul;vb=B1xv6;v4=Bl1*v5; 7

>> [v6 v5 v4]’ Ve — [_17271707070]

ans = Vs = (A_ I)VG — [_17 17_1707270]T

[ -1, 2, 1, 0, 0, O] va = (A—IDvs=[-1,0,-2,-1,1,1]"
[ -1, 1, -1, 0, 2, O] 0 = (A—1I)vs (vs4is eigenvector)

[ -1, o0, -2, -1, 1, 1]

5. Verify linear independence of all generalized eigenvectors from 4.

>> det([vl v2 v3 v4 v5 v6]) Since det([vi,vo,v3,va,vs,vg]) = —1 # O,
ans = the six generalized eigenvectors are linearly
-1 independent.

6. Grand Finale: Find fundamental set of solutions for y/ = Ay

Vectors vi,vp,vs are linearly independent eigenvectors for A = 2
= three linearly independent eigenvector solutions:

yi(t) = e?vq =¢€%0,3,-3,0,1,0]"
yo(t) = e?vo=¢€%[1,7,-6,0,0,0]"
y3(t) = e?vy3=¢€%[0,-6,5,1,0,0]"
Solutions associated with chain vg4,vs, ve:
ya(t) = e'va=¢'[-1,0,—2,-1,1,1]"
ys5(t) = el(vs+tvy) =e'[-1—t1,—1—2t, —t,24¢,t]*
ye(t) = €'(ve+tvs+t°va/2)

= e[-1—-t—1t?/2,24+t,1—t—1t2, —t?/2,2t +t%/2,t?/2]"
Note: Ex. 35-45 require same tasks as Ex. 26-33, except task 5. 23



