
Chapter 7: Matrix Algebra

7.1 Vectors and Matrices

aij, xi, yi real numbers

m × n-matrix:

A = [aij]mn

=













a11 a12 · · · a1n

a21 a22 · · · a2n
... ... · · · ...

am1 am2 · · · amn













Column vector:

x =











x1
x2
...

xm











(m × 1)

Row vector:

y = [y1, y2, · · · , yn] (1 × n)

j-th column of A:

colj(A) =











a1j

a2j
...

amj











i-the row of A:

rowi(A) = [ai1, ai2, · · · , ain]

Matrix addition:

[aij]mn + [bij]mn = [aij + bij]mn

Scalar multiplication:

α[aij]mn = [αaij]mn (αnumber)

Rn: set of column vectors of

length n
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Vector Addition

x 

y 

u v 

u+v 

uv 

w 

u+v+w 

x 

y

Examples:

A =

[

1 2 3
4 5 6

]

col2(A) =

[

2
5

]

row2(A) = [4,5,6]

B =

[

7 8 9
10 11 12

]

A + B =

[

8 10 12
14 16 18

]

3A =

[

3 6 9
12 15 18

]

For C =

[

1 2
2 1

]

→ A + C is not

defined
[

1
2

]

+

[

3
4

]

=

[

4
6

]
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Linear combinations of

vectors:

v1,v2, · · · ,vp: vectors in Rn

a1, a2, · · · , ap: numbers

a1v1 + a2v2 + · · · + apvp

is a linear combination of

v1, · · · ,vp

y 

x 
u 

au 
v 

bv 

au +bv 

Row-column multiplication:

a = [a1, a2, · · · , an], b =











b1
b2
...

bn











ab = a1b1 + a2b2 + · · · + anbn

Transpose of b:

bT = [b1, b2, · · · , bn]

Length of b:

|b| =
√

bTb =
√

b21 + · · · + b2n

[4,5,6]





1
2
3



 = 4 ·1+5 ·2+6 ·3 = 32

x =





1
2
3



 ⇒ |x| =
√

12 + 22 + 32 =
√

14
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Matrix-vector multiplication:

A = [aij]mn, x =











x1
x2
...

xn











columns of A: → length m

rows of A: → length n

Ax
def
=











row1(A)x

row2(A)x
...

rowm(A)x











Other interpretation:

Ax = x1col1(A) + x2col2(A)

+ · · · + xncoln(A)

= linear combination of
columns ofA

Linearity: A(x + y) = Ax + Ay

A(αx) = αAx

Example:

A =

[

1 2 −3
4 0 −2

]

(2 × 3)

x =





1
2
3





Ax =

[

1 · 1 + 2 · 2 + (−3) · 3
4 · 1 + 0 · 2 + (−2) · 3

]

=

[

−4
−2

]

or

Ax = 1

[

1
4

]

+ 2

[

2
0

]

+ 3

[

−3
−2

]

=

[

−4
−2

]
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Linear Systems of Equations

Form:

a11x1 + · · · + a1nxn = b1

a21x1 + · · · + a2nxn = b2
...

am1x1 + · · · + amnxn = bm

aij, bi: given; xi: sought

Matrix-vector notation:

Ax = b

A = [aij]mn: m × n matrix

b =







b1
...

bm






: target vector

x =







x1
...

xn






: unknown vector

Interpretation:

Find all possible linear combi-

nations of columns of A that

yield b

Example:

3x1 + 2x2 − 5x3 = 5

4x1 − x2 + 5x3 = 0

A =

[

3 2 −5
4 −1 5

]

b =

[

5
0

]

, x =





x1

x2

x3





Task: Find all x’s s.t.

Ax = b
or

x1

[

3
4

]

+x2

[

2
−1

]

+x3

[

−5
5

]

=

[

5
0

]
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Matrix-matrix product

Definition

Given A = [aij]mn, B = [bij]np,

C = AB = [cik]mp

is defined as

cik = ai1b1k + · · · + ainbnk

= rowi(A) colk(B)

Other interpretation

colk(AB) = A colk(B)

or

AB = [A col1(B), · · · , A colp(B)]

A =

[

−2 3 1
9 8 −2

]

, B =





1 5
9 0
0 −2





c11 = [−2,3,1]





1
9
0



 = 25

c12 = [−2,3,1]





5
0

−2



 = −12

c21 = [9,8,−2]





1
9
0



 = 81

c22 = [9,8,−2]





5
0

−2



 = 49

[

c11
c21

]

= A col1(B) =

[

25
81

]

[

c12
c22

]

= A col2(B) =

[

−12
49

]
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Algebraic properties of matrix product; special matrices

Associativity

A(BC) = (AB)C ≡ ABC

Distributivity

A(B + C) = AB + AC

(A + B)C = AC + BC

However

• If AB is defined, BA is

defined only if A is m × n

and B is n × m

• If A, B are both n× n, then

AB 6= BA

in general

Special matrices

• A = [aij]mn → AT = [aji]nm

AT : transpose of A

• n × n–identity matrix:

I =











1 0 · · · 0
0 1 · · · 0
... ... ... ...
0 · · · 0 1











If A is m × n : AI = A

If B is n × m : IB = B

Example:

A =

[

0 1
9 2

]

, B =

[

−3 −1
1 2

]

AB =

[

1 2
−25 −5

]

, BA =

[

−9 −5
18 5

]
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