Chapter 7: Matrix Algebra

7.1 Vectors and Matrices

a;j, T;, y; real numbers

m X n-matrix:

A = [aij]mn
a1l ai12 -+ Qinp
. az1 az2 - a2y
Aml am2 - Amn

Column vector:

L1
L2

I'm

Row vector:

y — [y].)yQa'"ayn] (1 XTL)

(mx 1)

7-th column of A:

Tk
colj(A) = a:Qj
o
i~the row of A: -~ 7~
I’OWi(A) — [aila Qg2 " "y ain]

Matrix addition:

[aijlmn + [bij]lmn = [a;j + bijlmn
Scalar multiplication:
ala;;lmn = [aa;j]lmn (e number)

R"™: set of column vectors of
length n




Vector Addition

u+v

Examples:

1 2 3
A:[4 5 6]
coIQ(A)zlgl

rowz(A) = [4,5, 6]

[7 8 o9
B—[m 11 12]

_[ 8 10 12
A+B—[14 16 18]

3 6 9
2 15 18

defined

2)=1s)



Linear combinations of
vectors:

Vi,Vo, -+, Vp. vectors in R"
ai,an,--,ap. humbers
ajl1vi —I—aQVQ —|—---—|—apr

IS a linear combination of

Vl,...,Vp

y
au+bv

YN
’ \\

/’ \\
. AN
bv ™. P
~ "au

Row-column multiplication:

a — [a'laaQa"'aa’n]a b =

ab = a1b1 —|—a2b2—|—---—|—anbn

Transpose of b:

bT — [b17b27"'7bn]

Length of b:
bl = Vb b = /62 + - + b2
1
[4,5,6] | 2 | =4-14+5.24+6-3 =232
3

1
x=|2|=|x|=vV12+224+32=14
3

3



Matrix-vector multiplication:

L1

o Example:

A = lajjlmn, x =

' 1 2 -3
In A—[4 0 _2] (2 x3)

columns of A: — length m
rows of A: — length n < — { é ]

- row1(A)x | 3

def | rows(A)x

Ax = Ax — 1.1+2-2+(—3§§]

[ 4.140-2+(-2)-

- [ =)

| rowm(A) x

Other interpretation:
Ax = x1CO|1(A) + :U2C0|2(A)

= |linear combination of —
columns of A

Linearity: A(x+y) = Ax+ Ay
A(ax) = aAx

or

Ax =

- '

— =
|
N N N




Linear Systems of Equations

Form: Interpretation:
a1121 + -+ aiprn = by Find all possible linear combi-
ar1x1 + -+ aopxn = bo nations of columns of A that
yield b
Am1T1 + -+ amnTn = bm Example:
.. .- i . .- 3ZC1+2£C2—5$3 = b
a;j, bj: given; x;: sought Az — 2o+ 52s = O
Matrix-vector notation: 3 o _s
A=
Ax = b [ 4 —1 5 ]
A = [a;j]lmn: m x n matrix 5 1
) } b = [ 0 ] , X = | x2
bl L3
b= | : |: target vector Task: Find all x's s.t.
| Om | Ax=Db
B - or
L1
X = xs . unknown vector x1[2]+$2[_$]+$3[_§]:[g]
n




Matrix-matrix product

Definition
Given A = [Clz'j]mn, B = [bz'j]np,
C = AB = [¢;k)mp

is defined as

a;1big + -+ ainbpg
row;(A) col.(B)

Cik

Other interpretation
col,(AB) = Acol,(B)
or

AB = [Acoly(B),---,Acoly(B)]

-2 3 1 _
A_[ o 8 —2]’3—
L
c11 = [-2,3,1] | 9
0
-
Clp = [—2, 3, 1] 0
—2
.
cp1 = [9,8,—-2] | 9
0

5
co2 = [9,8, —2] { o) ]

c11
C12

Acol{(B) = _

Acolx(B) = _

= —12




Algebraic properties of matrix product; special matrices

Associativity

A(BC) = (AB)C = ABC
Distributivity

A(B+C) = AB+ AC
(A+ B)C = AC+ BC
However

o If AB is defined, BA is
defined only if A is m X n
and Bisn X m

o If A, B are both n x n, then

AB # BA

in general

Special matrices

o A= laglmn — AT = [ajilnm
AT transpose of A

e n X n—identity matrix:

_]_ O O_

e

0 -~ 0 1

IfAismxn: A=A

IfBisnxm: IB=2B

Example:

0 1 -3 -1

=15 2]m=|77 3]
1 2 ~—9 -5
AB:[—zs —5]’BA:[18 5]



