4.7: Forced Harmonic Motion

Periodically forced mass-spring system: mz”+px’+kx = Fycoswt
or "+ dx + w%x = A coswt

where d = u/m, wg = \/k/m, A = Fy/m

(A) Undamped Case
z" 4+ wir = Acoswt (1) |Beats. Assume IC: z(0) = 0,2/(0) =0
‘Try particular solution: = =—-A/(wWa —w?), =0 =
zp(t) = acoswt +bsinwt =

A
/" 2 x(t) = Q—Q(COS wt — coswot) (4)
xp + wOCij = wo —

(WS —w?)(acoswt + bsinwt)| Set § = (wop —w)/2, @ = (wo + w)/2

The r.h.s. is equal to Acoswt if Use (a =wt, §= wot)

(wg —w?)a=A, (wi—w?)b=0 COS ax— COSB—Qsm( )sm( )
:>a:A/(w8—w2)’b20:> _Asm(St o
z,(t) = [A/(wi — w?)]coswt  (2) = z(t) = o5 Sinwt (5)
To fipd general solution, add general | 11 5 << @ = [A/(2w6)]sin bt is slowly
solution of % 2 varying envelope
' +wijr =0 (3)
F.S.S. for (3): coswot,Sin wot Ex.: A=23, wo=11, w=12

cosllt —cos12t
2sin(t/2)sin(23t/2)
1

= general solution of (1): = xz(t)

z(t) = c1 COSwot + c2 Sinwot + z,(t)



Resonant Case: w = wg

x(t)=cos(11t)—-cos(12t) and envelopes

Growing Oscillation

x(t)=tsin(4t) and envelopes

Beats

Solution (2) is not valid if 2

w = wp. In this case try n

zp(t) = t(acoswot 4+ bsinwot)
= x)) + wizy =
— 2a Sin wot + 2b Ccos wot
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The r.h.s. equals Acoswot if
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a=0,2wob=A=b=A/(2uwp)| ° é

6 8 10 12 14

= xz,(t) = [A/(2wo)]t sinwot

(linearly growing oscillation)

Note: z,(0) =0, 2,(0) = 0. EX.: A=8,wo =4 = x,(t) =tsin4t

(B) Damped Case

" 4 do’ + wizx = Acoswt (6)

Since Acoswt = Re(A4e*?), any solu-
tion x(t) is the real part of a solution
z(t) of
2+ dZ + wiz = Ae™ (7)
Solution Strategy:
e Find particular solution of (7)

e Real part — particular solution
of (6)

= [(w§ — w?) +iwdla = A
= 2= -
A (ws — w?) + iwd

Use 1/(a+iB) = (a—1iB)/(a®+ %)
a _ (wg — w?) — iwd
T AT D
where D = (w§ — w?)? + w?d?

Try complex exponential for (7):
zp(t) = ae™’ = 2 +dz, + wizp =

((iw)? + iwd + w?)ae™! = Aeit

Amplitude and Phase: Set
a/A = Ge " = Gcos¢p—iGsin ¢
2



(Wi —w?)\2 wd 2
= G = ( OD ) T (5)
(wg —w?)?4+w?d®* D
- D2 - D2
= G =1/vD = G(w) (gain), hence
G(w) = L (8)

\/(wg _ w2)2 + w2d2
Phase angle:
ws — w? = G cos ¢, wd = Gsing
where 0 < ¢ <7 (since sin¢ > 0)

= ¢(w) = arccot(%) (9)

Particular Solution of (6):
z,(t) = ae™! = G(w)Ae'@=9) =
zp(t) = Rezp(t) = GAcos(wt—¢) (10)

General Solution of (6):

z(t) = zp(t) + zp(2) (11)
where z,(t) = ciz1(t) + coxo(t) (12)
and z1(t), z2(t) is F.S.S. of

x4+ dx’ + w%:c =0

Steady State and Transient Parts:

e 1,(t): steady state part
(persistent oscillation)

e x,(t): transient part (d >0
= xz,(t) — 0 for t — o)

G(w)

2
0

w

Qualitative Forms of G(w), ¢(w):
Set s = w/wo, v =d/wo =

1
2
wiG(w) =
’ V(1 —52)2 + 5292
1—s°
o(w) = arccot( )
s
y:6.5
y=0.5
3 ¥=3
= 1
y=3

3 4 5 0 2 4
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e G(w) has max at s, = /1 —~?/2,
wiGm = 2/(vV/4 —~?), if v < V2,

and is monotonic for v > /2

o ¢(w) is ‘steep” for small v and
“flat” for large ~ 3



Ex.: Consider a mass-spring system with m = 5kg, u = 7Tkg/s, k = 3 kg/s?,
and a forcing term 2cos4t N

(a) Find the steady periodic solution z,(t) and determine its amplitude and
phase.

Answer: Equation: 52" + 72’ + 3z = 2cos4t = 2" + 1.42' + 0.6 = 0.4 cos 4t
Use complex method: z,(t) = Rez,(t), where z, is particular solution of

24+ 1.42 + 0.6z = 0.4e*
Try z, = ae*® = (=16 + 5.6i + 0.6)ae*’ = 0.4

0.4 0.4 x (—15.4 — 5.67) ,
= a = - = = —0.0229 — 0.0083:
—15.4 4+ 5.62 15.42 4+ 5.62
= 2zp(t) = (—0.0229 — 0.0083i)(cos4t + isin4t)
= xz,(t) = Re(zy(t)) = 0.0083sin4t — 0.0229 cos4t (superposition form)

To find amplitude and phase compute polar form: a = Age *®, where

Ao = +/0.02292 4 0.00832 = 0.0244
¢ = arccot(—0.0229/0.0083) = 2.7939
= z,(t) = Ape!*9

0.0244 cos(4t — 2.7939) (amplitude-phase form)

= zp(t)



(b) Find the position z(¢) if x(0) =0, z/(0) =1m/s
Answer: Find transient part: z//4+1.42'4+0.62 =0 = p(A\) = \?°+1.424+0.6=0
= A= —-0.7+0.33172
= x5,(t) = e %" [c; cos(0.3317t) + ¢c2sin(0.3317t)] and z(t) = z,(t) + z,(t)
Match c1,cy to IC: (use superposition form)
z(0) = ¢ —0.0229 =0 = ¢; = 0.0229
2 (0) _0.7¢1 4+ 0.3317¢r +4 X 0.0083 = 1 = ¢» = 2.9630 } =

z(t) = e 271[0.0229 cos(0.3317t)+2.96305sin(0.3317¢)]+0.0244 cos(4t—2.7939)

(¢c) Plot z,(t) and x(t)
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