2.6: Exact Equations

d P
Form: -7 = (,y)

de — Q(z,vy)

o P(z,)+Q(r,y) =0 (1)

Differential form formulation:

P(z,y)dz + Q(x,y)dy =0 (2)

Level curves of a function F':

F(z,y) =C (3)
On curves (3):
OF OF

. a:—l-ayy (4)

e Curves (3) are Iintegral
curves for (1) if (3) defines
implicit solutions of (1).

e (2) is exact if exists F s.t.

P =0F/0x, Q= 0F/0y

o If (2) is exact, then (3)
defines integral curves

Condition for exactness:
OP _ 9°F 0Q _ 9°F
oy  Ozdy’ Odx  Oxdy

oP _ 0Q
oy Oz

(5)

=




Find F (if (5) is satisfied):
¢ OF )9z =P
= F(z,y) = H(z,y) + ¢(y)
H(z,y) = [ P(z,y) dx
o OF /0y = Q
= S H(z,y) + ¢'(y) = Q(z,y)

= '(y) = Q(z,y) — & H(z,y)

Solve this for ®(y)
(r.h.s. depends only on vy)

EX.: e¥ + (ze¥ — sin y)% =0
or eYdx + (xe¥ —siny)dy =0

Here: P(xz,vy)
Q(z,y)

Check exactness:
OP/0y = €Y, 0Q/0x = €Y
Equation is exact — Find F

ey

xe! —siny

H(z,y) = /eyd:c = ze?
*'(y) = Q—0H/y
= (zeY —siny) — xeY
= —siny
= ®(y) = cosy
= F(z,y) = H(z,y)+ P(y)
= ze’ 4 cosy

Implicit Solutions:

xeY +cosy =C



Special Case:
Separable Equations

dy _  P(z)
dx Q(y)

P(z)dz + Q(y)dy =0

= [P@yds+ [Qudy=C

C=4
C=1

>

N

Integral Curves

1

EX.: dy/dx = —x/y

= =+ ydy/de =0

or zdx+ydy =20

/a:d:c+/ydy =

= 2°/2+9y%/2 =

Integral curves are circles.

Explicit solutions:

y(x) = £
y
. /\ = X
y %)

Explicit Solutions

2C — z°

C
C



Worked Out Examples from EXxercises

(A) Calculate dF = (0F/0x)dx + (0F /dy)dy for given F

Ex. 1: F(z,y) =22y +y?> = dF =2ydx + (2z + 2y) dy

Ex. 3: F(z,y) = Vz°+vy? = dF = (1//2? + y?)(zdz + y dy)

Ex. 5: F(x,y) =2y + tan 1 (y/x)
Use dtan '(y/z)/dz [1/(1 4 y?/2?)](~y/x?) = —y/(z* + y?)
dtan~*(y/z) /0y [1/(1 +y*/2*)](1/2) = z/(z® + y°)

ly — v/ (2® + y?)]dx + [z + /(2 + v?)]dy
[1/(z® + y)][(z” + y* — Vydz + (2° + y° + 1)z dy]

= dF

Ex. 7: F(z,y) = In(z? + y2) + zy
= dF = [y + 2z/(2* 4+ y*)]dz + [z + 2y/ (2 + y*)]dy



(B) Determine if equation is exact. If yes find implicit solution

Ex. 9: 2z + y)dx+ (x — 6y)dy =0
P(r,y) =2x+vy, Q(x,y) =x—6y = O0P/0y=1, 0Q/0xr =1 = exact

H(z,y) = / P(z,y)de = 2 + oy = D'(y) = Q — OH/dy = (z — 6y) — & = —6y

= P(y) = -3y° = F(x,y) = H(z,y) + P(y) = 2° + 2y — 3y°
= implicit solution z? 4+ a2y —3y°> =C

Ex. 11: (1 4+ y/x)dx — (1/z)dy =0
P=1+4y/z, Q= —1/z = 0P/0y =1/z, 0Q/0x = 1/2° = not exact

Ex. 13: dy/dx = (32° +y)/(3y? — x) or (32?2 4+ y)dx + (z — 3y?)dy = 0O
P=3z°4+y, Q=2—-3y°> = OP/0y=1, 0Q/0r=1 = exact

H=/Pda:=x3—|—:cy = & =Q-0H/0y = (z—3y°)—z = —3y° = &= —y°

= F=H4+®=2z>4+zy—y> = implicit solution 2> +zy —y> =C



Ex. 15: (u+v)du+ (u—v)dv =0
P(u,v) =u+wv, Qu,v) =u—v = OP/ov=1, 0Q/0u=1 = exact
H:/Pdu=u2/2—|—uv = () =Q—-0H/0v=(u—v) —u= —v
= d(v) = —v?/2 = F(u,v) = H(u,v) + P(v) = u?/2 4+ uv — v?/2
= implicit solution u?/2 +uv —v?/2=C
Ex. 17: dr/ds= (Ins)/(r/s —2s) or (r/s —2s)dr — (Ins)ds = 0
P(r,s) =r/s—2s, Q(r,s) = —Ins = OP/0s = —r/s*°—2, 9Q/0r = 0 (not exact)
Ex. 19: (sin2t)dx + (2xcos2t — 2t)dt = 0
P =sin2t, Q = 2xcos2t—2t;= OP/0t =2c0s2t, 0Q/0x = 2Ccos2t = exact

H=/Pd:c=acsin2t = ®'(t) = Q—-0H/0t = (2x COS2t—2t) —2x COS 2t = —2t
- d=—-t° = F=H+d =zxsin2t—t> = implicit solution zsin2t—t>=C

Ex. 21: (2r+Iny)dr +rydy =0
P(r,y) =2r+Iny, Q(r,y) =ry = 0P/0y = 1/y, 0Q/0r =y (not exact)




Integrating Factors

If P(z,y)dr+ Q(z,y)dy =0

IS not exact, try to find func-
tion u(x,y) s.t.

pPdxr 4+ pQdy =0
uw(x,y) = integrating factor

IS exact.

Direct integration =

F=z+vy—In(zy)

Ex.: y(z—1)de+2(y—1)dy=0
Oly(x —1)]/0y = =z-1 }
Olz(y —1)]/0z = y—-1

Multiply equation by u = 1/(zy) =

[(z — 1)/z]dz + [(y — 1)/yldy = O

Ol(x —1)/x]/0y 0 }
oy —1)/yl/oz = O

not
exact

exact
(separable)

Ex.: (r4+y)dz—x2dy=0
d(z +y) /0y 1 }
—1

O(—x)/0x

Use p=1/2°% =
(1/z + y/2?)dz — (1/z)dy = 0
O(1/z + y/z?)/0y 1/a?
J(—1/x)/0x 1/x2

Find F'

H = /(1/:1: +y/z?)de = In|z| — y/x
&' = (-1/z) —9(In|z| — y/x)0y = 0
= &=0 = F=H=In|z| —y/z

not
exact

} exact



Homogeneous Equations

e A function G(z,y) is homogeneous of degree n if
G(Ax, \y) = \"G(z,vy)
e The DE P(z,y)dr + Q(z,y)dy =0
is homogeneous if P, () are homogeneous of same degree.

e If the DE is homogeneous, then the substitution y = xv
transforms it to the separable DE:

dx Q(1,v)dv .
T T P@L ) Aoy

Ex.: G(z,y) = 1/(z* + 9°) = GOz, \y) = 1/[(A2)* + (A\y)?] = A 2/(2® + v?)
= Gz, \y) = A\ °G(z,y) = homogeneous of degree —2

Ex.: G(z,y) =23+ 2y° = GOz, y) = Ox)3 + Qx)(My)? = X3 (23 + 2y?)

= Gz, \y) = M3G(z,y) = homogeneous of degree 3

Ex.: G(z,y) =z/y = GOz, \y) = (\x)/(\y) = z/y = G(x,y) = degree 0
38



Worked Out Examples from EXxercises

(C) Solution of Homogeneous Equations

Ex. 35: (z° + y?)dxr — 2zydy = 0O
Sub y=azv = dy=vdzx+azdv = (224 2%v?)dz —2z%v(vdez + xdv) =0
= (1 —-v9)der—2zvdv=0 = dz/xz+ [2v/(v° —1)]dv =0
= Injz|+Injv°=1=Injz(v?—-1)|=D = z(v?—-1)=C (C = +e)
Sub v=y/z = y°—z°=Cx

Ex. 37: 3z +y)dr+xdy =0
Sub y=zv = dy=vdex+adv = Bz+av)dr+z(vdr+adv) =0
= @B4+2v)dr+zxzdv=0 = (1/z)dz+[1/(34+2v)]dv =0
= Inlz|+(1/2)In|3+2v|=D = 2In|z|+In|3+2v| =2D
= In(z?|34+2v|]) =2D = 2?(3+2)=C (C==+e?P)
Sub v=y/z = 3z°+2zy=C



